In this paper we prove a general convergence theorem for almost-additive set functions on unimodular, amenable groups. These mappings take their values in some Banach space. By extending the ε-quasi tiling techniques of [OW87] and [PS12], we set the ground for farreaching applications in the theory of group dynamics. In particular, we verify the almosteverywhere convergence of abstract bounded, additive processes, as well as a Banach space approximation result for the spectral distribution function (integrated density of states) for random operators on discrete structures in a metric space. Further, we include a Banach space valued version of the Lindenstrauss ergodic theorem for amenable groups.
Introduction
The analysis of the dynamical properties of almost-additive functions has become an essential undertaking in the mathematical fields of ergodic theory, dynamical systems, spectral theory and mathematical physics. In general, one considers mappings F defined on a set of subsets in a locally compact measure space (G, m) and taking its values in some Banach space X. Further, the function is supposed to have certain boundedness-, additivity-and invariance properties. Inspired by elementary convergence theorems for subadditive sequences with values in R or C, one might raise the question whether the abstract averages F (U j )/m(U j ) converge in the topology of X along sequences or even along nets which are characteristic for the space G. Positive results on this issue for certain dynamical systems may e.g. be found in [Len02, LS06, Kla07, Kri07, Kri10] . In [LMV08] , it is shown that the normalized almost-additive functions converge along canonical exhaustions of G = Z d by d-dimensional boxes. As a consequence, the authors verify the uniform approximation of the integrated density of states for certain finite-range operators by finite-volume analogues. Those results were generalized in [LSV10] for a geometrically restricted class of countable, amenable groups. A proof of the convergence in the case of all countable, amenable groups has recently been given in [PS12] . In this work, the authors use the theory of ε-quasi tilings, cf. [OW87] , to handle the geometric difficulties that occured in previous papers. A more abstract choice for the space G is a unimodular, second countable, amenable group along with its (invariant) Haar measure m. This is the framework of the present paper.
Unlike in [PS12] , there is no need to assume that G is countable in the context of this work. It is well known that for second countable groups, amenability is characterized by the existence of particular averaging sequences {U j } j∈N of compact sets, called Følner sequences. Under mild compactness criteria for orbits induced by G-actions on the Banach space X, we are able to prove the convergence for the normalized versions of almost-additive functions along Følner sequences. The corresponding main Theorem 5.7 can be considered as an abstract mean ergodic theorem for set functions and it generalizes previous results from ergodic theory. In the situation of countable groups, the theorem coincides with the main result of [PS12] if the function F under consideration is invariant under the action by G. A first direct application of the main Theorem 5.7 is given in Section 7, where we prove the almost-everywhere convergence along strong Følner sequences for bounded, additive processes defined on unimodular, amenable groups. The corresponding Theorem 7.11 complements the hitherto existing knowledge in the field, where one usually works with semigroup contraction actions in G = R d+ , cf. [Sat99, Sat03] . Dealing with general amenable groups, our theorem is significantly more general as far as the choices for the space G, as well as for the approximating sequences are concerned. However, we have to restrict ourselves slightly by making sure that the dynamics are similar to group actions. In Theorem 7.9, we prove a dominated ergodic theorem for bounded, additive processes, which is a crucial ingredient for the convergence result. The techniques of the proof are inspired by classical differentiation theorems, see also [AdJ81, Emi85, Sat98, Sat99, Sat03] . As another application, we use Theorem 5.7 to verify the almost-sure approximation of the integrated density of states for random operators on discrete structures in metric spaces which are quasi isometric to some unimodular, amenable group. With probability one, the limit is attained in L p (I), where due to reflexivity 1 < p < ∞ and I ⊂ R is an arbitrary bounded interval. This is the first Banach space convergence result which takes into account the model of Lenz and Veselić (cf. [LV09] ) in its original setting. Thus, we extend the considerations from [PS12] , where the authors had to deal with countable spaces and with a deterministic setting. The paper is organized as follows. In Section 2, we give the preliminaries which are necessary for the understanding of this work. The main issue will be the introduction of the notions of weak and strong Følner sequences in amenable groups. Furthermore, growth conditions on those sequences are studied. Next, in Section 3, we develop combinatorial decomposition theorems which will be the major tools in the proof of our main result, Theorem 5.7. In this context, we verify the existence of ε-quasi tilings which extend the techniques of [OW87] and [PS12] . Precisely, we construct so-called uniform decomposition towers (UDT) in Theorem 3.10 which can be considered as a pair of families of ε-quasi tilings with a high degree for its uniformity and covering properties. The short Section 4 is devoted to a recapitulation of classical mean ergodic theorems of amenable group actions on Banach spaces, cf. [Gre73] . In the following Section 5, we combine the classical results of the previous section with the combinatorial methods of Section 3 in order to prove Theorem 5.7 which can be considered as a mean ergodic theorem for almost-additive set functions. In the corresponding proof, we will have to work with uniform decomposition towers. Another variant of the main theorem with slightly different assumptions is given in Corollary 5.8. Turning to measure dynamical systems, we treat pointwise ergodic theorems for amenable groups in Section 6. Extending classical ergodic theory, these investigations are independent of the results of the Sections 3 and 5. Precisely, in Theorem 6.8, we formulate and prove a Banach-space generalization of the Lindenstrauss ergodic theorem, see [Lin01] . In the following Section 7, we introduce the notion of bounded, additive processes on amenable groups. After giving some examples, we use the so-called associated dominating process for the proof of an L p -maximal inequality (Theorem 7.9). Combining this latter statement with the main Theorem 5.7, we derive the corresponding Banach space valued pointwise convergence for additive processes in Theorem 7.11. As a spectral theoretic application, we consider random operators defined on randomly chosen point sets in a metric space (X, d X ) possessing a quasi isometry to some amenable group. Combining Corollary 5.8 with the pointwise ergodic Theorem 6.8, we show in Theorem 8.7 the almost everywhere convergence of finite-dimensional IDS-approximants as elements in L p . Finally, we include an appendix in Section 9, where we give the quite lengthy proofs of Theorem 6.6 and Lemma 7.4. for all non-empty, compact K ⊂ G, then (S n ) is called strong Følner sequence. We say that a (weak or strong) Følner sequence (S n ) is nested if id ∈ S 1 and S n ⊂ S n+1 for all n ≥ 1.
Note that in second countable groups, amenability is characterized by the existence of weak Følner sequences, see e.g. [Gre73] . As the following lemma shows, it is also true that all second countable, unimodular amenable groups possess strong Følner sequences.
Lemma 2.4. Let G be a second countable, unimodular, amenable group. Then the following statements hold true.
(i) There exists a strong Følner sequence in G.
(ii) Each strong Følner sequence is a weak Følner sequence.
(iii) If G is countable, then every weak Følner sequence is also a strong Følner sequence.
(iv) There exists a nested strong Følner sequence in G.
Proof. See e.g. [PS12] , Lemma 2.5.
It is a well known fact that one cannot expect pointwise ergodic theorems for arbitrary Følner sequences, cf. [Eme74] . Hence it is important for our purposes to impose some growth conditions on the Følner sequences under consideration.
Definition 2.5. Let G be a second countable, unimodular, amenable group and assume that (S n ) is a weak or strong Følner sequence in G.
• We say that (S n ) satisfies the Tempelman condition if there is a constant C > 0 such that
• We say that (S n ) satisfies the Shulman condition if there is a constantC > 0 such that
In this case, we say that (S n ) is a tempered Følner sequence. 
then G possesses at least one Tempelman Følner sequence.
Remark 2.8. The number r(G) is called the abelian rank of G.
Tiling Theorems
This section is devoted to combinatorial decomposition theorems for unimodular, amenable groups by ε-quasi tilings. To do so, we recapitulate the notion of the special tiling property (STP) which has been introduced in [PS12] . In the latter paper, the authors prove that (STP) is always satisfied ([PS12], Theorem 4.5). Further, it is shown there that large Følner sets in countable groups can be ε-quasi tiled by a uniform family of coverings with desirable properties on average (cf. [PS12] , Theorem 4.7). Based on the constructions given in [OW87] , we prove in Theorem 3.7 an analogous result which also holds for continuous groups. A new feature here are the quantitative estimates on the average degree of uniformity as well as on the average portions of covered mass of the ε-quasi-tilings in the family. In order to obtain stronger uniformity properties, we further work with pairs of such families of ε-quasi tilings. More precisely, we introduce the concept of a so-called uniform decomposition tower (UDT) for amenable groups in Definition 3.9. In the main Theorem 3.10 of this section we show that the construction of these pairs is always possible in the unimodular situation. We will see in Section 5 of this paper how this construction can be used to prove a Banach space valued ergodic theorem for a special class of mappings defined on F(G).
As before, we always refer to G as a second countable, unimodular, amenable, locally constant Hausdorff group. Definition 3.1. Let A, B ⊆ G. For a number 0 < ε < 1, we say that A and B are ε-disjoint if there are sets A ⊆ A and B ⊆ B such that
• |A| ≥ (1 − ε)|A| and |B| ≥ (1 − ε)|B|.
Definition 3.2. Let A, B ⊆ G. For a number 0 < α ≤ 1, we say that the set A α-covers the set B if |A ∩ B| ≥ α |B|.
In the following, for any real number s ∈ R, we use the notation
For 0 < ε < 1, we define the number N (ε) ∈ N as N (ε) := log(ε)/ log(1 − ε) .
As has been done before in [PS12] , we introduce the concept of the special tiling property for amenable groups.
Definition 3.3 (Special tiling property). Let G be an amenable group. Then G is said to have the special tiling property (STP) if for all 0 < ε < 1/10, every parameter 0 < β < ε and every nested strong Følner sequence (S n ) there are N (ε) many sets
as well as a number δ 0 > 0 depending only on β such that for every 0 < δ < δ 0 and every
is an ε-disjoint family of sets for all 1
i=1 is a disjoint family of sets, (iv)
For fixed 0 < ε < 1/10 and 0 < β < ε, we say that the basis sets T i ε-quasi tile the group G with the parameters ε and β and if for T ⊆ G, the properties (i)-(iv) are satisfied, we say that T has the special tiling property (STP) with respect to (
, (S n ), ε, β) and that the set T is ε-quasi tiled (with parameter β) by the basis sets T i with finite center sets
In [PS12] , it was proven that every unimodular amenable group has the special tiling property. Even more is true: for each number ε > 0, the T i -translates of the covering of T can be made disjoint in such a way that they maintain certain invariance properties with respect to some fixed compact set L ⊂ G. This leads to the following theorem.
Theorem 3.4 (cf. [PS12] , Theorem 4.5). Let G be a unimodular amenable group. Then the following assertions hold true:
(A) The group G satisfies the special tiling property.
(B) Let ε, β and (S n ) be given as in Definition 3.3 and assume further that we are given a positive number 0 < ζ < ε, as well as a compact set L ⊆ G containing the unity id. Then we can find an ε-quasi tiling with basis sets T i , 1 ≤ i ≤ N := N (ε) such that all the properties of Definition 3.3 hold and such that for 0 < δ < 6 −N β/4, each compact, (T N T −1 N , δ)-invariant set T ⊆ G can be ε-tiled (with parameter β) by translates T i c, c ∈ C T i such that the if the T i -translates are (L, η 2 )-invariant (1 ≤ i ≤ N (ε)), they can be made pairwise disjoint in a way that guarantees that for every 1 ≤ i ≤ N (ε) and all c ∈ C T i , there is some set T c i ⊆ T i with
T c i c, where the latter union consists of pairwise disjoint sets.
For countable amenable groups, it was shown in [PS12] (Theorem 4.7) that there is a family of coverings which possesses a uniform covering property on average. To be precise, it was proven that for each element u of the covered set T , the probability for this element being a center set of a covering of the family is equal to some number which only depends on ε as well as on the tiling set T i . For the sake of this paper, we will need a continuous version of a uniform decomposition theorem.
Definition 3.5 (Uniform Continuous Decompositions). Let G be an amenable group. We say that G satisfies the uniform continuous decompositions condition (UCDC) if for every strong Følner sequence (U k ) in G, the following statements holds true.
• For each 0 < ε ≤ 1/10, N := N (ε) := log(ε)/ log(1 − ε) , for arbitrary numbers 0 < β, ζ < 2 −N ε, for every nested Følner sequence (S n ), and for each compact set id ∈ L ⊆ G, the group G is ε-quasi tiled according to Definition 3.3 by tiling sets
where T i ∈ {S n | n ≥ i} for 1 ≤ i ≤ N (ε) and where the latter basis are all (L, ζ 2 )-invariant.
• For fixed numbers ε, β, ζ and for a fixed compact set id ∈ L ⊆ G, there is some number K ∈ N depending on ε, β and the basis sets T i such that for each k ≥ K, we find a finite-measure set Λ k ∈ B(G) along with a family
of finite center sets for the basis sets T i such that for each λ ∈ Λ k , the set U k is ε-quasi tiled by the translates T i c, 1 ≤ i ≤ N , c ∈ C λ i (U k ) according to Definition 3.3 and moreover,
(II) For all 1 ≤ i ≤ N and for every Borel set S ⊆ U k ,
where η i (ε) := ε(1 − ε) N −i and the γ i > 0 can be chosen such that |Λ k | as a probability measure over the set Λ k , the inequality shows that on average with respect to ν, the center cets are uniformly distributed in U k in the sense that their mean frequency of occurrence is almost constant in every part of U k .
In the following theorem, we prove that each unimodular, amenable group is UCDC, i.e. it possesses the uniform continuous decompositions condition. Being a continuous analogue of Theorem 4.7 in [PS12] for countable amenable groups, significant parts of the proof can be adopted. The main construction is based on Proposition I.3, 6 in [OW87] . However, Theorem 3.7 extends the result of Ornstein and Weiss by the quantitative estimates for the coverings in Definition 3.5.
Theorem 3.7 (Uniform Continuous Decompositions). Each unimodular, amenable group satisfies the uniform continuous decompositions condition.
Proof. Let 0 < ε ≤ 1/10 and 0 < ζ, β < 2 −N ε, as well as a compact set id ∈ L ⊆ G be given, where as usual, N := N (ε) := log(ε)/ log(1 − ε) . Assume further that (U k ) is a strong Følner sequence and choose 0 < δ 0 < 6 −N β/16.
Note that by Theorem 3.4, we can find (L, ζ 2 )-invariant basis sets
taken from a nested Følner sequence (S n ) that ε-quasi tile the group such that each (T N T −1 N , δ 0 )-invariant set T ⊆ G can be ε-quasi tiled by translates T i c that can be made disjoint in a way that they keep the claimed invariance properties with respect to the set L.
We choose 0 < ε 1 < 1/100. At various steps of the proof, we will have to make this parameter smaller. This is possible since the corresponding restrictions do not depend on objects developed in the following constructions, but only on ε, β and the basis sets T i . We stick close to the proof of Theorem 4.7 in [PS12] and like in that paper, we proceed in nine steps. It turns out that we can adopt the steps (1) to (7) for our purposes. Since the differences are rather notational but not conceptional, we just describe the construction and we omit most technical calculations.
(1) We set M := log(ε 1 )/ log(1 − ε 1 ) and we find (
taken from a nested Følner sequence (S n ) such that the T l ε 1 -quasi tile the group G (cf. Theorem 3.4). Then we can find some integer number K ∈ N such that for each k ≥ K, the set
Since ε 1 will only depend on ε, β, as well as on the basis sets T i , so does the integer K. Further, we chooseT to be a (T T −1 , ε 1 )-invariant compact set inheriting all the mentioned invariance properties of T . Using Theorem 3.4, we can also make sure thatT has the special tiling property with respect to ({T l } M l=1 , (S n ), ε 1 , β 1 ), where 0 < β 1 < 2 −M ε 1 (For instance, takeT := UK forK ∈ N large enough). We set A := {g ∈ G | T g ⊆T } and we note that
(3.1) (2) We fix an ε 1 -quasi tiling ofT as in Theorem 3.4 with basis sets T l , 1 ≤ l ≤ M , where we make the T l -translates actually disjoint such that the resulting disjoint translates T N , 4δ 0 )-invariant. We note that these disjoint translates (1 − 2ε 1 )-cover the setT , i.e. 
for every 1 ≤ i ≤ N . Further, we setĈ
for 1 ≤ i ≤ N and we note that theĈ i can be considered as center sets for the basis sets T i such that the family {T i c} c∈Ĉ i is ε-disjoint and such for 1 ≤ i < j ≤ N , the elements T iĈi and T jĈj are disjoint. For the covering properties of this ε-quasi tiling, a short computation using Inequality (3.3) shows that
cf. [PS12] , proof of Theorem 4.7, step (3).
(4) The step (4) of the proof of Theorem 4.7 in [PS12] shows that by imposing a first condition on ε 1 depending on ε and β, we have
(5) A short calculation using the ε-disjointness of the T i -translates now shows with Inequality (3.5) that
where
It follows from this, as well as from the invariance properties of T that we can impose a second restriction on ε 1 depending on ε to obtain that up to a portion of 6 √ ε 1 of the elements a ∈ A, the translates T a are (1 − 3ε)-covered by the union
T iĈi , cf. the proof of Theorem 4.7 in [PS12] , step (6).
(7) We are now in position to define the family Λ k := Λ, as well as the corresponding center sets C λ i (U k ) := C λ i for 1 ≤ i ≤ N and λ ∈ Λ = Λ k for k ≥ K. Namely, we obtain Λ by erasing from the set A the 'bad' elements, i.e.
Note that by Inequality (3.1), we have
For λ ∈ Λ, we set C
An easy computation using the previous step shows that for every λ ∈ Λ, the set T is (1 − 3ε)-covered by the union
Again by using the invariance properties of the set T , one verifies that those translates
that lie entirely in T cover a portion of at least (1 − 4ε) of T . This shows property (I) of Definition 3.5.
(8) We still have to show the uniform covering property (II) of Definition 3.5. To do so, fix some Borel set S ⊆ T and fix 1 ≤ i ≤ N . We show first that there is a constantC > 0 such that
To do so, note first that
One immediately obtains from this that
On the other hand, we can prove the converse inequality in the following way. Since T Λ ⊂T , we have Λ ⊂ T −1T and therefore,
It follows from the ε-disjointness of the basis sets T i that the maximal number of elements inĈ i which can belong to some translate Sλ must be bounded by 2
where we also used the (T i T
−1
i , ε 1 )-invariance of the set T . Hence, we can estimate
Moreover, we obtain
by the invariance properties ofT . Now making use of ε, ε 1 < 1/2 and the estimate in Inequality (3.14), the Inequality (3.13) yields
Together with Inequality (3.11), this shows (3.10) withC = 64.
(9) From the considerations above, we can infer that for ε 1 small enough (a restriction depending on ε),
where, as above, we set γ i := card(Ĉ i )/|T |.
It follows then from Inequality (3.6) that
Hence, by combining the Inequalities (3.10) and (3.16) we yield
So what remains to do is to choose ε 1 small enough such that we have finally proven the theorem.
Corollary 3.8. Let G be a unimodular amenable group, along with parameters 0 < ε ≤ 1/10, N (ε) := N := log(ε) log(1 − ε) , 0 < β, ζ < 2 −N ε. Further, denote by (S n ) a nested strong Følner sequence and choose L as a compact set containing the unity id of G. Let
be a finite sequence sequence of (L, ζ 2 )-invariant compact sets taken from the sequence (S n ) that ε-quasi tile the group according to Definiton 3.3. Then is an integer J ≥ N (N := min{n ≥ N | S n = T N }), as well as number δ 0 > 0 depending on ε, β and the basis sets T i such that for every (S J S −1 J , δ 0 )-invariant set T , we can find a family Λ ∈ B(G), |Λ| < ∞ of uniform ε-quasi tilings of T with finite center sets C λ i (T ) for the basis sets T i (1 ≤ i ≤ N ) such that all the covering properties of Definition 3.5 are satisfied for the set T .
Proof. This is evident by considering the proof of Theorem 3.7.
For the continuous ergodic theorem which is proven in Section 5, we will need the concept of a so-called ε-quasi tiling tower. What we mean here is a uniform family of ε-quasi tilings Υ ⊆ G of a very T T −1 -invariant setT as in Theorem 3.7 such that each quasi tiling y ∈ Υ of this family generates a uniform family of ε-quasi tilings for the set T coming from Λ ⊆ G, where this set Λ is completely independent of y ∈ Υ.
Definition 3.9. Let G be an amenable group. We say that G has the uniform decomposition tower condition (UDTC) if for every strong Følner sequence (U k ) in G, the following statements hold true.
where T i ∈ {S n | n ≥ i} for 1 ≤ i ≤ N (ε) and where the latter basis sets are also (L, η 2 )-invariant.
• For fixed numbers ε, β, ζ and for a fixed compact set id ∈ L ⊆ G, there are numbers K ∈ N and η 0 > 0 depending on ε, β and the basis sets T i such that for each k ≥ K and for every 0 < η < η 0 , there is some (
(II) the setÛ k is uniformly ε-quasi tiled by a family
of finite center sets for the basis sets T i according to Definition 3.5 (second item), (III) For each y ∈ Υ k , the set U k is uniformly ε-quasi tiled by the family
of finite center sets for the basis sets T i according to Definition 3.5 (second item), where
for all 1 ≤ i ≤ N and every λ ∈ Λ k .
In this situation, we say that the pair (Υ k , Λ k ) is a uniform decomposition tower for the set U k with respect to (
, (S n ), ε, β). We will need uniform decomposition towers for the proof of the main theorem of this work. The following existence theorem is a strengthening of Theorem 3.7 Theorem 3.10 (Uniform Decomposition Tower). Each unimodular amenable group satisfies the uniform decomposition tower condition.
Remark 3.11. One might think that the existence of uniform decomposition towers follows trivially from a repeated application of Theorem 3.7. However, since we need the sets Υ k and Λ k to be independent from each other, sophisticated arguments are necessary.
Proof. Let 0 < ε ≤ 1/10 and 0 < ζ, β < 2 −N ε, as well as a compact set id ∈ L ⊆ G be given, where N := N (ε) := log(ε)/ log(1 − ε) . Assume further that (U k ) is a strong Følner sequence.
taken from a nested Følner sequence (S n ) that ε-quasi tile the group.
As before (proof of Theorem 3.7), we choose 0 < ε 1 < 1/100, and at various steps of the proof, we reduce this parameter for our purposes (restrictions depending on ε, β and the T i ). Set M := log(ε 1 )/ log(1 − ε 1 ) .
1. Let J ∈ N and δ 0 > 0 be the parameters that can be found according to Corollary 3.8.
Further, choose a finite sequence of (S J S −1
that ε 1 -quasi tile the group G according to Definition 3.3 for any parameter 0 < β 1 < 2 −M ε 1 . Now find some integer number K ∈ N depending on ε, β and the
k , ε 1 )-invariant set that has all mentioned invariance properties of T = U k and which has the special tiling property with respect to ({T l } M l=1 , (S n ), ε 1 , β 1 ) (for instance, takeT =Û k = UK forK ∈ N large enough). We now set η 0 := ε 1 /2 and by showing all claimed results forT =Û k , we will see that this is in fact appropriate. l , ε 2 )-invariant and that additionally, it is (TT −1 , ε 2 )-invariant for some
4. It follows then from the construction in the proof of Theorem 3.7, Inequality (3.9), that
for every 1 ≤ l ≤ M and all c ∈ C l . Define
Since Λ(l, c) ⊂T −1T for all 1 ≤ l ≤ M and every c ∈ C l , it follows from elementary measure theory that for all 1 ≤ l ≤ M and all c ∈ C l ,
5. We now show the uniform covering property for the setT = U k , see the second claim of the theorem, statement (II).
To do so, fix a Borel setŜ ⊂T , as well as some 1 ≤ i ≤ N . Note that by construction, we have
for all 1 ≤ l ≤ M and for every c ∈ C l , where
Moreover, with the combinatorial argument demonstrated in Inequality (3.12) and with the Inequality (3.18), it is a straight forward exercise to show
So combining the Inequalities (3.19) and (3.20) with the triangle inequality, we arrive at
for all 1 ≤ l ≤ M and every c ∈ C l , whereγ i := max l,c γ i (l, c).
We setĈ
In this way, for each y ∈ Υ, we get an ε-quasi tiling ofT with T i -centersĈ y i (cf. steps (3) to (5) of the proof of Theorem 3.7). Moreover, we are in position to prove the uniform covering property of the family Υ. Namely, by disjointness of the T c l c, we have
By making ε 1 small enough (depending on ε and β), this shows the desired estimate. The remaining properties in statement (II) now follow easily.
6. So what is left to do is to verify the statement (III) of the second item of the theorem. We choose Λ = Λ k in exactly the same manner as in the proof of Theorem 3.7, step (7). Note that Λ results from considerations concerning the sets T,T , and the T c l c for 1 ≤ l ≤ M and c ∈ C l , but not from the tilings constructed above. Therefore, Λ is indeed independent of Υ = Υ k .
By the above construction, for each y ∈ Υ, the setT is ε-quasi tiled by the basis sets T i with corresponding finite center setsĈ Hence, for fixed y ∈ Υ, we are exactly in the situation of the proof of Theorem 3.7, step (7) and we define
for all 1 ≤ i ≤ N and all λ ∈ Λ. By repeating the steps (8) and (9) of the proof of Theorem 3.7, we get the desired uniform covering. Since y ∈ Υ was arbitrary, this shows the statement (III).
As the validity of statement (I) follows by construction for ε 1 small enough depending on β, the theorem is proven.
Abstract mean ergodicity
In this section, we briefly summarize the classical results concerning the norm convergence of abstract ergodic averages in amenable groups. In light of that, we cite the general abstract mean ergodic theorem from [Gre73] , which will be used in Section 5 to derive a mean ergodic theorem for Banach space valued set functions.
Definition 4.1. Let G be a second countable Hausdorff group and assume that Z is a Banach space. LetS be a linear subspace of Z. We then say that G acts weakly measurably onS via uniformly bounded operators {T g } g∈G if there is a constant A > 0 and a map
with the following properties.
(i) T g :S →S is a linear operator for each g ∈ G.
(ii) T g ≤ A for all g ∈ G.
(iii) T e f = f for each f ∈S, where e is the unit element in G.
(v) For each f ∈S and every h ∈ Z * , the map
is measurable with respect to the Borel σ-algebras on G and C respectively.
Moreover, we set Fix(T G ) := {f ∈S | T g f = f all g ∈ G} as the space of elements inS which remain unchanged under the action of all g ∈ G.
Definition 4.2. Let G be a second countable, amenable group and assume that G acts weakly measurably on a Banach spaceS = Z as a family of linear, uniformly bounded operators {T g } g∈G as in Definition 4.1. Then, if {F n } is a Følner sequence in G, we denote for f ∈ Z the n-th abstract ergodic average A n f as
Remark 4.3. Note that in the first instance, the abstract ergodic averages are only defined in a weak sense, i.e. A n f ∈ Z * * for f ∈ Z. However, using mild compactness criteria on th T g -orbit of f , one can use standard techniques to showf that we have in fact A n f ∈ Z by identification. The interested reader may also refer to [Pog10] , Remark following Theorem 4.3).
The following mean ergodic theorem is well known, see e.g. [Gre73] and [Pog10] .
Theorem 4.4. Let Z be a Banach space. Further, assume that some σ-compact amenable group G acts weakly measurably on Z as a family {T g } of bounded operators on Z with A := sup g∈G T g < ∞. Moreover, for each f ∈ Z, the convex hull co{T g f | g ∈ G} is assumed to be relatively weakly compact. Then, given a Følner sequence {F n } n in G, there is bounded projection P on Z such that
• Z = ran(P ) ⊕ ker(P ).
• ran(P ) = Fix(T G ).
•
Proof. See [Gre73] , Theorems 3.1 and 3.2, as well as [Pog10] , Theorems 4.2 and 4.3.
Remark 4.5. Note that due to the Banach-Alaoglu Theorem, reflexivity of the Banach space Z is a sufficient condition for the compactness criterion in Theorem 4.4. Moreover, it is also true that for single elements f ∈ Z the convergence A n f to some f * ∈ Z in Z-norm holds whenever the T g are defined on a subspaceS ⊆ Z containing C f := co{T g f | g ∈ G} and provided the set C f is compact in the weak topology on Z.
A mean ergodic theorem for set functions
In this section, we prove the main result of this paper which will be a general mean ergodic theorem for an abstract class of mappings. More precisely, we examine functions which map from the set F(G) as the collection of all precompact (and hence finite-measure) Borel subsets of G in some Banach space Z. In particular, the focus will be on almost-additive functions F : F(G) → Z, where the additivity of F can be measured by a so-called boundary term. Assuming also that there is a constant C > 0 such that F (Q) ≤ C |Q| for all Q ∈ F(G) (boundedness), along with a compactness criterion on particular sets C F,Q arising from F and the elements in F(G), we prove a general mean ergodic theorem (cf. Theorem 5.7). More precisely, it is shown that the limit lim j→∞ F (U j )/|U j | exists in the Banach space topology for each strong Følner sequence {U j } ∞ j=1 in G. This result complements the ergodic Theorem 5.5 for countable groups, proven in [PS12] . In the latter paper, the authors require the existence of the frequencies of patterns in the group, but no compactness criterion on the Banach space. Note further that for countable groups, both theorems coincide in the periodic case, i.e. if the map F is invariant under group translations.
We start by giving the basic definitions.
(ii) it Følner vanishes, i.e. lim j→∞ b(U j ) |U j | = 0 for every Følner sequence {U j }, (iii) it is compatible with unions and intersections, i.e.
there exists some constant C > 0 such that
(ii) F is almost additive with boundary term b, i.e.
Note that as usual, we will have to deal with ε-disjoint unions of sets rather than with disjoint unions. Morever, in the case of continuous groups, one cannot expect the mapping b to be bounded. For instance, for Cantor sets in R with zero Lebesgue measure, its boundary with respect to any ball of positive radius has positive (Lebesgue) measure. Hence, it is convenient for our purposes to introduce the concept of tiling-admissible boundary terms b. Those functions possess certain boundedness properties for the sets arising from ε-quasi tilings.
Definition 5.3. For 0 < ε < 1/10, we call a set C consisting of finite, ε-disjoint families of sets in F(G) an ε-admissible collection for some boundary term b with constantD > 0 if for each such family {Q k } m k=1 in C, one can find a family {Q k } m k=1 of pairwise disjoint sets with
Definition 5.4. Let b : F(G) → [0, ∞) be a boundary term. We say that b is tiling-admissible if there is a constantD > 0 such that for all 0 < ε < 1/10, there is a finite sequence for compact subsets of G,
such that each ε-quasi tiling coming from a uniform decomposition tower (cf. Theorem 3.10) with basis sets T ε i (1 ≤ i ≤ N ) is ε-admissible with constantD.
The following proposition shows that the canonical boundary terms b(Q) := D |∂ L (Q)| are indeed tiling-admissible.
Proposition 5.5. Let D > 0 be an arbitrary constant. Then for every compact set L ⊆ G with id ∈ L, the boundary term
for 1 ≤ i ≤ N (ε) and c ∈ C T i . Hence, we have proven that b is tiling-admissible with the constantD := max{1; D; D}.
With these concepts at hand, we are now able to derive an error estimate for ε-disjoint unions.
Proposition 5.6. Assume that F : F(G) → Z is almost additive with boundary term b :
Further, let 0 < ε < 1/10 and denote by C an ε-admissible collection for b with constantD. Then if {Q k } m k=1 is an element in C such that ∪ k Q k ⊆ Q and |∪ k Q k | ≥ α |Q| for some parameter 0 < α ≤ 1, then the following error estimate holds true.
where C is the boundedness constant for F .
Proof. Since C is b-admissible with constantD, for each 1 ≤ k ≤ m, one finds a set Q k ⊆ Q k such that the Q k are pairwise disjoint and
By the triangle inequality, we get
For the first expression, we obtain from the b-almost additivity of F that
|Q| and as b is compatible with unions, we obtain by using boundedness and Inequality 5.1
Moreover, by the fact that
For the second expression, we use the disjointness of the Q k to get
By the considerations above and with ε-disjointness of the Q k , we arrive at
For the third expression, we compute similarly as before,
Taking sums, one obtains with the previous considerations that
Summing the partial results up, this proves the claim.
We are now in position to state and prove the main theorem of this section.
Theorem 5.7 (Mean ergodic theorem for set functions). Let G be a unimodular group and assume that {U j } a strong Følner sequence in G. Let (Z, · Z ) be a Banach space and assume that {T g } g∈G is a family of linear, uniformly bounded operators acting weakly measurably on Z.
Further, denote by b a tiling-admissible boundary term defined on F(G) and consider a bounded (constant C), b-almost additive mapping
with the additional property that for every Q ∈ F(G), the set C F,Q := co{F (Qg) | g ∈ G} is relatively weakly compact in Z. Then, if the action of the T g is compatible with F in the sense that
for Q ∈ F(G) and g ∈ G, the following assertions hold true.
(A) For each Q ∈ F(G), the limit
exists in Z.
(B) If for each ε > 0 and N (ε) := log(ε)/ log(1 − ε) , we have an ε-quasi tiling
i=1 of the group as in Definition 3.3 with 0 < β < 2 −N (ε) ε, then the following limits exist in Z and are equal:
where we have
(C) The limit F is a T g -fixed point, i.e. for all g ∈ G, we have
Proof. For the proof of statement (A), let Q ∈ F(G). With the remark following Theorem 4.4, the claim now follows from the relative weak compactness of C F,Q , as well as from the fact that T g −1 F (Q) = F (Qg) for all g ∈ G.
For the proof for (B), we fix 0 < ε < 1/10 and β := 2 −N (ε) ε and we find j 0 (ε) ∈ N such that for each j ≥ j 0 (ε), the set U j satisfies the invariance condition given by Theorem 3.10. Further, we set
for ε > 0 and j ∈ N. In the following, we fix j ≥ j 0 (ε). With 0 < η < η 0 , where η 0 is taken from Theorem 3.10 as well, we can find some very (U j U −1 j , η)-invariant setÛ j along with a uniform decomposition tower (Υ, Λ) with basis sets T ε i , (1 ≤ i ≤ N (ε)) and finite center setŝ C y i forÛ j , where y ∈ Υ, and C y,λ i for U j , where λ ∈ Λ, respectively. With no loss of generality, we assume that all the T ε i are taken from a subsequence {S n k } ∞ k=1 of a strong Følner sequence such that the expressions b(S n k )/|S n k | converge to zero monotonically as k → ∞. Additionally, we make sure that
We will show that lim ε→0 lim j→∞ ∆(j, ε) = 0. So combining the construction of the uniform decomposition tower (Theorem 3.10, statement (III)) for (U j ,Û j ) with the triangle inequality, we arrive at
We will now give relevant estimates for these expressions. Since U j is α :
for each y ∈ Υ and each λ ∈ Λ and by the fact that the boundary term b is tiling admissible for some constantD ≥ 1, it follows from Proposition 5.6 that for every j ≥ j 0 (ε)
With Theorem 3.10 and the boundedness of b for the T ε i , this yields
such that with the triangle inequality, as well as with the facts that iγ i |T ε i | ≤ 2 and lim j→∞ b(U j )/|U j | = 0, one obtains lim sup
For a good estimate for D 2 (j, ε), the concept of a uniform decomposition tower is crucial. Hence, due to the boundedness of F , we have for j ≥ j 0 (ε) that
where the last inequality is due to Theorem 3.10, statement (I) and β << 1/2. By the properties (I) and (II) of Theorem 3.10, it follows with the boundedness of F and with with β < 2 −N (ε) ε, as well as with iγ i |T ε i | ≤ 2 that
Note that here we used that |Û j \ uΛ| = |Û j | − |Λ| ≤ β |Û j | for all u ∈ U j , cf. the statement (I) of Theorem 3.10. Consequently,
For D 3 (j, ε), it is a direct consequence of claim (II) of Theorem 3.10 withŜ =T and with |Λ| ≥ (1 − β)|Û j | (β << 1/2) that
for every j ≥ j 0 (ε). It now follows from the claim (A) that lim sup
Finally, again by using Theorem 3.10, property (II), withŜ =Û j , we also get an estimate for D 4 (j, ε). So by the uniform distribution of theĈ y i and since |Λ| ≥ (1 − β)|Û j | by the statement (I) of Theorem 3.10, we obtain
Since the translates {T i c}, c ∈Ĉ y i are ε-disjoint and as 
and F (U j )/|U j | is a Cauchy sequence in Z and hence converges in Z. The representation as the second limit is now an easy consequence of the triangle inequality.
For the validity of claim (C), take an arbitrary g ∈ G. Note that for all 0 < ε < 1/10 and every 1 ≤ i ≤ N , we have T g S(T ε i ) = S(T ε i ) by the general mean ergodic Theorem 4.4. By the boundedness (continuity) of the operator T g and the convergence result in claim (B), the following computation finishes our proof:
There may occur situations where we do not have a weakly measurable operator action satisfying the invariance condition at hand. However, assuming the existence of certain abstract limits, we are still able to derive the mean ergodic theorem.
Corollary 5.8. Let G be a unimodular group and assume that {U j } is a strong Følner sequence in G. Let (Z, · Z ) be a Banach space. Further, denote by b some tiling-admissible boundary term defined on F(G) and we consider a bounded, b-almost additive mapping F(G) → (Z, · Z ). Assume that for each Q ∈ F(G) and all elements h ∈ Z * , the mappings
of the group as in Definition 3.3 with 0 < β < 2 −N (ε k ) ε k , and if for each k ∈ N and every 1 ≤ i ≤ N (ε k ), the expression
exists in Z, then the following limits exist in Z and are equal:
Proof. See the proof of the claim (B) of Theorem 5.7.
Pointwise ergodic theorems
For later considerations for the integrated density of states in random models in Section 8, we now extend the celebrated Lindenstrauss pointwise ergodic theorem (cf. [Lin01] ) to abstract ergodic averages given by Definition 4.2 on Bochner spaces. More precisely, as Banach space under consideration, we choose Z := L p (Ω, Y ), where 1 ≤ p < ∞, Ω is a σ-finite measure space and Y is an arbitrary reflexive Banach space. As before, an amenable group acts weakly measurably on Z via a family of linear, uniformly bounded operators {T g } g∈G . This action is linked with a measure preserving action of the group on the measure space, see Inequality (6.1). Following the classic proofs of pointwise ergodic theorems (e.g. [Eme74, Kre85, Lin01]), we use a so-called L p -maximal inequality (cf. Theorem 6.6) to show the almost everywhere convergence in Theorem 6.8. We will use the latter result to verify the almost sure convergence of the integrated density of states for certain random operators, cf. Theorem 8.7.
Definition 6.1. Let Y be a Banach space and assume that (Ω, F, µ) is a σ-finite measure space. For 1 ≤ p < ∞, we denote by L p (Ω, Y ) the (Bochner) space of all equivalence classes f : Ω → Y such that each representant f is strongly measurable with respect to F and
Lemma 6.2. Let Y be a reflexive Banach space. Then for all 1 < p < ∞, the space L p (Ω, Y ) is reflexive. In particular, we have
where 1/p + 1/q = 1 and Y * is the dual space of Y .
Proof. See [GU72] , Corollary 3.4.
We are now interested in the special cases where Z := L p (Ω, Y ) for some 1 ≤ p < ∞ and Y is a reflexive Banach space. Further, let the group G act weakly measurably on (Ω, F, µ) by measure preserving transformations, where we write gω := g · ω for g ∈ G and ω ∈ Ω. For each g ∈ G, we are given a mapping T g :
such that the collection {T g } acts weakly measurably on Z as a family of uniformly bounded, linear operators (cf. Definition 4.1). Additionally, we assume that there is some measurable group homomorphism ϕ : G → G along with some constant κ > 0 such that for every g ∈ G and each f ∈ Z
for µ-almost every ω ∈ Ω. Since the action of G on Ω preserves the measure µ, it follows that sup g∈G T g L p (Ω,Y ) ≤ κ and a short calculation shows
which implies that κ ≥ 1. Note that this setting includes the 'standard situation', where one has
In the following, we denote by (U n ) a tempered, strong Følner sequence in G, cf. Definitions 2.3 and 2.5. Recall that in Definition 4.2, we defined the j-th (j ∈ N) abstract ergodic average with respect to (U j ) as
the j-th abstract ergodic average of h in L p (Ω, R) with respect to (U j ) and ϕ. With Lemma 6.2, we can deduce from Theorem 4.4 that for 1 < p < ∞ and for each
The following lemma shows that although the mean ergodic theorem does in general not hold for the case p = 1, we can extend the projection P from the case p = 2 to the space L 1 (Ω, Y ).
Lemma 6.3. Assume the situation of Theorem 4.4 with Z = L 2 (Ω, Y ) and let P be the corresponding mean ergodic projection. Then there is a bounded projectionP on
Proof. The proof follows easily from standard techniques, cf. [Gar70] , proof of Theorem 2.1.1. For a detailed description, see also [Pog10] , proof of Theorem 5.3. All the arguments carry over to Bochner spaces.
For the proof of pointwise ergodic theorems, it is convenient to work with the so-called maximal operator with respect to the A ϕ j .
Definition 6.4. Let 1 ≤ p < ∞ and assume that ϕ : G → G be a measurable group homomorphism. The maximal operator M ϕ on L p (Ω, R) is then defined as
where L 0 (Ω, R) denotes the space of all measurable functions from Ω to R := R ∪ {−∞; +∞}.
We will prove the Lindenstrauss ergodic theorem by using a so called maximal ergodic theorem, i.e. we show that the abstract ergodic averages A j f on L p (Ω, Y ) satisfy an L pmaximal inequality.
Definition 6.5. We say that the abstract ergodic averages {A n } on L p (Ω, Y ), 1 ≤ p < ∞ satisfy an L p -maximal inequality if there is a constant K > 0 such that for all f ∈ L p (Ω, Y ) and every λ > 0, the following holds:
Now using the celebrated result from Lindenstrauss, cf.
[Lin01], we can show the following dominated ergodic theorem. As our proof requires only slight modifications, we just give a sketch in the appendix of this paper, cf. Section 9.
Theorem 6.6. Let G be an amenable (second countable Hausdorff ) group acting on a σ-finite measure space by measure preserving transformations. Further, let {T g } g∈G be a family of uniformly bounded operators acting weakly measurably on L p (Ω, Y ), (1 ≤ p < ∞), where Y is some reflexive Banach space and the Inequality (6.1) holds for some constant κ ≥ 1 and some measurable group homomorphism ϕ. Then the abstract ergodic averages {A j } j∈N associated with a weak tempered Følner sequence
Proof. The proof is a modification of the proof in [Lin01] . For a sketch of the changes, see Section 9.
Remark 6.7. It is also shown in the proof that the abstract ergodic averages
With this L p -maximal inequality at hand, it is now straight forward to derive the pointwise ergodic theorem for the abstract ergodic averages A j , given by Definition 4.2.
Theorem 6.8. Let G be an amenable group which acts on a σ-finite measure space (Ω, µ) by measure preserving transformations. Assume further that for 1 ≤ p < ∞ and some reflexive Banach space Y , the group acts weakly measurably on L p (Ω, Y ) via a family {T g } g∈G of uniformly bounded operators such that the Inequality (6.1) is satisfied. Then, if (U j ) is a strong and tempered Følner sequence in
Proof. We consider first the case p > 1. Following the abstract mean ergodic Theorem 4.4, and using the fact that the space
Using the L p -maximal inequality, Theorem 6.6, if follows from the Banach principle (see e.g. [EFHN09] , Chapter 10) that it is enough to verify the pointwise almost everywhere convergence on a dense subspace D of L p (Ω, Y ). Here, it is convenient to consider D = Fix(T G ) + L 0 . By linearity, we can look at those spaces separately. So for f ∈ Fix(T G ), the convergence result is trivial. For an element h :
, the convergence follows from a simple change of coordinates in the resulting integrals and from the fact that |U j g −1 U j |/|U j | j→∞ → 0, see e.g. [Eme74] , proof of Theorem 3. For p = 1, the abstract mean ergodic Theorem 4.4 does not hold in general. However, we can use the Lemma 6.3 to define the L 2 -mean ergodic projection on the whole space L 1 (Ω, Y ). Exploiting the fact that the abstract ergodic averages satisfy an L 1 -and an L 2 -maximal inequality (Theorem 6.6), similar approximation techniques as in the case p > 1 lead to the desired result. For a more detailed demonstration, the interested reader may refer e.g. to [Pog10] , proof of Theorem 5.3.
Bounded, additive processes
In the following section, we draw our attention to generalized abstract ergodic averages. More precisely, we deal with so-called bounded, additive processes on Z comprising the objects of Definition 4.2 as a special class. We start by giving some examples. Inspired by differentiation theorems for R d in [AdJ81, Emi85, Sat98, Sat99], we further introduce the concept of the associated dominating process in Definition 7.3. This enables us to show that all bounded, additive processes satisfy an L 1 -maximal inequality along Tempelman Følner sequences, cf. Theorem 7.9. As an application of this L 1 -maximal inequality, as well as of the abstract mean ergodic Theorem 5.7, we show in Theorem 7.11 the pointwise almost everywhere convergence along these sequences in the case of a finite measure space. In [Sat99, Sat03] , the author deals with a σ-finite measure space, as well as with R d + semi-group actions with contraction majorants, where the convergence is shown along ddimensional cubes exhausting the space. In this context, our theorem complements the corresponding, previous result from the literature. On the one hand, we have to restrict ourselves to group actions which are dominated by invertible ground transformations on a probability space, cf. Inequality 6.1. On the other hand, we can show the almost everywhere convergence for dynamics coming from general unimodular groups and along all Tempelman Følner sequences.
Definition 7.1. Let G be a unimodular amenable group and denote by Y some reflexive Banach space. For a σ-finite measure space (Ω, F, µ) with µ-invariant G-action, as well as for 1 ≤ p < ∞, we assume that there is a family {T g } g∈G of uniformly bounded, linear operators acting weakly measurably on L p (Ω, Y ) such that Inequality (6.1) is satisfied for κ and for ϕ. In this situation, we call the map
a bounded additive process on G, if the following statements hold.
Let us give some examples first.
Example 7.2.
• Assume that G is unimodular and amenable and that it acts on a σ-finite measure space (Ω, F, µ) by measure preserving transformations. Then for every f ∈ L p (Ω, R) (1 ≤ p < ∞), the map
defines a bounded, additive process for the canonical action
. In this case, we say that the process F is absolutely continuous with density f with respect to G.
is a bounded, additive process for a measure preserving action T g h(ω) = h(g −1 ω) on the canonical non-negative cone in L 1 (Ω, R). It is shown in [AdJ81] that in this situation, we can write F = F 1 +F 2 , where F 1 is some absolutely continuous process with a non-negative density and where F 2 is a singular process, i.e. a bounded, additive process which does not dominate any absolutely contiuous, non-zero, non-negative process.
• In the previous example, set ( 
dimensional Lebesque measure in the euclidean space. Assume further that the action of G on R d is given by translation, i.e. T g f (x) = f (x − g) for all g, x ∈ R d and where
Then every singular bounded, additive process with respect to {T g } is of the form F (Q)(x) = ν(x + Q) (x ∈ R d ), where ν is a Borel measure which is singular with respect to L d (cf. [AdJ81] , (4.12)).
• The same result as in the previous example holds true if we consider (Ω, • Let G be a unimodular, amenable group. Moreover, let (Ω, F, µ) be a probability space such that µ is the intensity measure of some G-set valued Poisson point process X defined on Ω. Then there is a µ-preserving action of G on Ω and we have X(gω) = X(ω)g. In this case, the mapping F (Q)(ω) := card(X(ω) ∩ Q) (ω ∈ Ω, Q ∈ F(G)) defines a bounded, additive process for the canonical translations (see above) {T g } on L 1 + (Ω, R). Moreover, if G is not discrete, then the process is not absolutely continuous.
We will see below that with the notion of bounded, additive processes at hand, it is worth dealing with the following R-valued (in fact non-negative) expressions. Definition 7.3. For a bounded additive process F , we define the associated dominating process F 0 as
for Q ∈ F(G) and for ω ∈ Ω.
Let us justify the measurability of the F 0 (Q) first. Note that in the case of discrete groups, we simply have F 0 (Q)(ω) := g∈Q F ({g}) Y (ω) for ω ∈ Ω and for a finite set Q ⊆ G.
If G is non-discrete, the measurability is guaranteed by the following lemma. Its validity has already been stated without proof in [Emi85] . For the sake of completeness, we attach a proof in the appendix (Section 9) of this paper.
Lemma 7.4. Let G be a non-discrete, unimodular, amenable group, endowed with some bounded, additive process F as indicated above. Then we can find a sequence of partitions {P m } m∈N of G, consisting of countably many sets from F(G) such that the following holds.
• For each A ∈ P m , we have |A| < 2 −m (m ∈ N).
• P m+1 is a refinement of P m for each m ∈ N.
• For each Q ∈ F(G), we have the representation
Proof. See the appendix of this paper, Section 9.
Proposition 7.5. Let F be some bounded, additive process on a unimodular, amenable group G with values in L 1 (Ω, Y ). Then the associated dominating process F 0 (Q) maps as
. Moreover, the following assertions hold true.
Proof. Let C ⊆ F(G) and setγ := sup
It follows from Proposition 7.4 and the monotone convergence theorem that F 0 (Q) ≤ γ |Q| for every Q ∈ C. This showsγ ≤ γ. For the converse inequality, note that it follows from the definition of F 0 that F (Q) ≤γ |Q| for all Q ∈ F(G). Hence γ ≤γ and the claim is proven. The proof of the fact that F 0 (Q) = The following lemma describes how the dominating process F 0 for some F is related to the T g action on L p (Ω, Y ).
Lemma 7.6. Let F be some bounded, additive process according to Definition 7.1 with its associated dominating process F 0 . Then, if κ ≥ 1 is the constant and if ϕ : G → G is the measurable group homomorphism in Inequality (6.1), we obtain for all g ∈ G and for every Q ∈ F(G),
for µ-almost every ω ∈ Ω.
Proof. The claim follows easily from the above representation of F 0 and from the Inequality (6.1).
In the following, we prove a dominated ergodic theorem for bounded, additive processes. Using the concept of the associated dominating process, we apply the techniques of [Kre85] to derive L p -maximal inequalities.
Definition 7.7. Let G be some amenable group, along with a weak Folner sequence (U j ) in G. Let F : F(G) → L p (Ω, Y ) be some bounded, additive process as introduced in Definition 7.1. Then we say that F satisfies an L 1 -maximality condition for the sequence (U j ) if there is a constant γ > 0 such that for all λ > 0 and for every M ∈ N, we obtain
For the proof of such maximal inequalities for bounded, additive processes, we need the following combinatorial covering lemma.
Lemma 7.8. Let G be an amenable group, along with a weak Følner sequence (U n ) with U n ⊆ U n+1 for all n ∈ N. Further, let M ≤ N ∈ N and assume that we are given B, F ∈ F(G) such that U N B ⊆ F . Then, for every map θ : B → {M, . . . , N } there exists a finite subset B ⊆ B for which the sets U θ(b) b (b ∈B) are disjoint and such that B ⊆ b∈B U −1
Finally, we are in position to show that bounded, additive processes satisfy the L pmaximality (1 ≤ p < ∞) condition for every increasing, weak Følner sequence of some unimodular group G satisfying the Tempelman condition, cf. Definition 2.5.
Theorem 7.9 (Dominated ergodic theorem). Let G be a unimodular amenable group, along with a weak Følner sequence (U j ) such that U j ⊆ U j+1 for all j ∈ N and which satisfies the Tempelman condition. Then every bounded, additive process F :
Proof. The proof is a modification of the proof of Theorem 6.4.4 in [Kre85] . At first, we fix an integer M ∈ N and λ > 0. Further, let N ≥ M be an integer and denote by δ an arbitrary positive number. Define the compact set K := ∪ N l=M U l and since (U j ) is a weak Følner sequence, we find a compact set
where we have set U N := KU k N . Moreover, define the sets
where ϕ : G → G is the homomorphism taken from Inequality (6.1). Then for any element b ∈ B there must be some number
This defines a map θ : B → {M, . . . , N }. By Lemma 7.8, we find some finite subsetB ⊆ B such that the sets U θ(b) b are disjoint for b ∈B and
Since the sequence (U n ) satisfies the Tempelman condition for some constantκ > 0, it follows that
So denoting by F 0 the dominating process associated with F , we compute with Proposition 7.5 and with Lemma 7.6 that
for µ-almost every ω ∈ Ω and where κ ≥ 1 is the constant and ϕ : G → G is the homomorphism taken from Inequality (6.1). It follows from Inequality (7.1) that
µ-almost everywhere. Integrating the left hand side of the latter inequality yields
since the action of G on Ω is µ-preserving. Note further that by the choice of the set U N , it is true that |U N \ U k N | < δ |U k N | and therefore, integrating the right hand side of Inequality 7.2, we obtain with γ :
Combining this fact with the Inequality (7.3), we get with
and with δ → 0, we can use the first part of Proposition 7.5 to arrive at
Since the left hand side of the latter inequality does not depend on N , we can exploit the continuity of the measure µ as N → ∞ to finish the proof.
A nice consequence of the validity of the dominated ergodic theorem is the fact that if G possesses a Tempelman sequence exhausting the group, then each bounded, additive process
Proposition 7.10 (Approximation of processes). Let G be a unimodular amenable group, which possesses a weak Følner sequence (U j ) such that ∪ j∈N U j = G and U j ⊆ U j+1 for all j ∈ N and which satisfies the Tempelman condition. Then every bounded, additive process
Proof. Take a weak Følner sequence (U j ) such that ∪ j∈N U j = G and U j ⊆ U j+1 for all j ∈ N and which satisfies the Tempelman condition. Define
for n ∈ N, where as usual, F 0 stands for the dominating process associated with F . Then a simple adaption of the proof of Theorem 7.9 shows that µ (B n ) ≤ K n for every n ∈ N, where
For each n ∈ N and for Q ∈ F(G), we define
By construction, the F n are additive. Note that for each Q ∈ F(G), there is some
Hence, the F n map indeed into the space L ∞ (Ω, Y ). Moreover, it follows from B n ⊇ B n+1 and lim n µ(B n ) = 0 that
We can now state and prove the main result of this section. To do so, we will have to restrict ourselves to a finite measure space.
Theorem 7.11 (Convergence of bounded, additive processes). Assume that G is a unimodular, amenable group and denote by (U j ) a strong Følner sequence such that U j ⊆ U j+1 (j ∈ N), which satisfies the Tempelman condition. Let
be a bounded, additive process, where µ(Ω) < ∞. Further, suppose that F is compatible with a family {T g } g∈G of uniformly bounded operators acting weakly measurably on L p (Ω, Y ) (i.e. T g F (Q) = F (Qg −1 ) and the Inequality (6.1) is satisfied for all g ∈ G and every Q ∈ F(G) ). In this situation, we obtain
for µ-almost every ω ∈ Ω. Further, for every g ∈ G, we have T g F = F µ-almost everywhere.
Proof. We consider first the case where p > 1. Choose an arbitrary ε > 0. Since the space L p (Ω.Y ) is reflexive (cf. Lemma 6.2), the mean ergodic Theorem 5.7 shows that there must be some j 0 (ε) ∈ N such that for all j ≥ j 0 (ε)
which is fixed under the T g -action. We now define
Clearly, H is a bounded, additive process satisfying all the conditions of Definition 7.1. Hence, we can infer from the dominated ergodic Theorem 7.9 that for each λ > 0, we have
for some constant γ > 0. So with ε → 0 and λ → 0 (in this order), we obtain that
for µ-almost every ω ∈ Ω. This shows the claim for the case p > 1.
For the case p = 1, we note that the compactness criterion in Theorem 5.7 is satisfied due to standard arguments, cf. e.g. [DU] , Theorem IV.2.1. The remainder of the proof can be repeated as in the case p > 1.
An IDS model for continuous groups
In the following, we give an application of the ergodic theorems proven in the Sections 5 and 6. More precisely, we prove convergence of the integrated density of states for a class of random operators on discrete structures possessing a quasi isometry to an amenable group. To do so, we apply our results to a model invented by Lenz and Veselić ([LV09] ). In the latter work, the authors prove uniform convergence of the IDS. A related Banach space theorem for discrete groups in a deterministic setting can be found in [PS12] . With our Banach space valued ergodic Theorems 5.7 and 6.8 at hand, we can deal with randomness and with general unimodular, amenable groups. Moreover, we are able to avoid the measure theoretical machinery used in [LV09] . However, for compactness reasons, we need to work with a reflexive Banach space. Therefore, it is convenient for our purposes to consider convergence in L p (I), where 1 < p < ∞ and where I ⊂ R is some bounded interval. In the main Theorems 8.6 and 8.7, we show the convergence of suitable IDS-approximants in L 1 (Ω, L p (I)), and pointwise almost everywhere in L p (I) respectively.
The model
We cite the model of in [LV09] and we also stick close to their notation. Assume that (X, d X ) is a locally compact metric space with a countable basis of the topology. Assume further that G is a second countable unimodular amenable group with an invariant metric d G such that every ball is precompact. We assume further that G acts continuously from the right by isometries on X such that the following two properties hold:
• there exists a right fundamental domain J with compact closure J, which is a countable union of compact sets
• the map Φ : X → G : x → g, whenever x ∈ J g, is a quasi isometry, i.e. there exist a ≥ 1 and b ≥ 0 with
for all x, y ∈ X.
For a set A ⊆ G and r > 0, we write A) < r} and ∂ r (A) := A r \ A r . Analogously, with the metric d X at hand, we introduce this notation for subsets of the space X.
For some fixed parameter η > 0, we set D as the family of η-uniformly discrete subsets of X, i.e.
We define the setD asD
where C * is an arbitrary compactification of C. This space can be naturally equipped with the vague topology and it is compact, cf. [LV09] . The action of G on X induces an action from the right onD by g · (A, h) = (Ag −1 , h(xg, yg)) for g ∈ G and (A, h) ∈D. It is well known that there exists a G-invariant probability measure onD, whose topological support will be denoted by Ω. Then, Ω is a compact subset ofD. Note that each element ω ∈ Ω can be written as ω := (X(ω), h ω ) ∈D, where X(ω) is η-uniformly discrete and h ω : X(ω) × X(ω) → C * is a map. Each X(ω) gives rise to a Hilbert space 2 (X(ω)), endowed with the canonical counting measure δ X(ω) := x∈X(ω) δ x .
We will draw attention to the bounded operators H ω on 2 (X(ω)), defined as
for each x ∈ X(ω). Moreover, we assume that the H ω are of finite hopping range, i.e. there exists some number R > b such that for all ω ∈ Ω, we have h ω (x, y) = 0 whenever
with adjoint U * g = U g −1 . With that notion, we assume that the operators H ω are equivariant, i.e.
for all g ∈ G and every ω ∈ Ω. Also, we need that the H ω are self-adjoint. For further considerations, we need to restrict and to expand the operators H ω . In light of that, for Q ∈ F(G), we denote by i Q : 2 (X(ω) ∩ (JQ) R ) → 2 (X(ω)) the canonical inclusion operator and by p Q : 2 (X(ω)) → 2 (X(ω) ∩ (JQ) R ) the canonical projection operator for ω ∈ Ω, where (JQ) R stands for the R-interior of JQ, i.e.
We will now show the L p -existence of the integrated density of states in the above setting. For the Banach space, we set Z := Z(I) := L 1 (Ω, L p (I)) as the L 1 -Bochner space of equivalence classes of functions mapping each ω ∈ Ω to some element F ω in the space of p-integrable functions over some bounded interval I ⊂ R, where 1 < p < ∞. Now for fixed ω ∈ Ω, we consider the restricted operators
can be described by a quadratic matrix. For those objects, one can define the eigenvalue counting funtion
for E ∈ R. Note that for each ω ∈ Ω and every Q ∈ F(G), the element F ω (Q)(·) also belongs to C rb (R), the Banach space of all bounded, right-continuous functions, endowed with supremum norm · ∞ .
Proposition 8.1. There exists some constant C > 0 independent of ω and Q such that F ω (Q)(·) ∞ ≤ C |Q| for every Q ∈ F(G) and each ω ∈ Ω. In particular,
) for all Q ∈ F(G), every 1 ≤ p < ∞ and every bounded interval I ⊂ R.
Proof. Since R > b and by the quasi isometry between G and X, we obtain the inclusion (JQ) R ⊆ J(Q S ) for some 0 < S < (R − b)/a, where as defined above
By a similar calculation as in [LV09] , Proposition 3.3, we can find a constant C > 0 depending only on the parameters a, b, η and S such that
where we use the notation that
Using this result, we simply compute
for every ω ∈ Ω. This finishes the proof of the proposition.
Proposition 8.2. For each Q ∈ F(G) and every g ∈ G, one gets
for every ω ∈ Ω.
Proof. Let λ ∈ R be an eigenvalue of the operator H R ω [Qg] for Q ∈ F(G) and g ∈ G and denote the corresponding eigenfunction as u ∈ 2 (X(ω) ∩ (JQ) R g) (note that since G acts on X by isometries, we have (JQg) R = (JQ) R g). Evidently, it is enough to show thatũ := U g u is an eigenfunction of the operator H R gω [Q] for the eigenvalue λ. To do so, we compute for
Since b was chosen arbitrarily, this proves the claim.
Proposition 8.3. The corresponding collection {T g } g∈G is a family of uniformly bounded operators that acts weakly measurably on
Proof. The linearity of the T g follows from construction. By the fact that the action of G on Ω preserves the probability measure µ, we have T g f Z = f Z for all g ∈ G and each f ∈ Z. The weak measurability follows from standard concepts.
It now follows from the Propositions 8.2 and 8.3 that the weakly measurable action of the family {T g } g∈G implies
for each Q ∈ F(G) and each g ∈ G.
Proposition 8.4. Let Q ∈ F(G). Then the set C F,Q := co{F (·) (Qg) | g ∈ G} is relatively weakly compact in Z = L 1 (Ω, L p (I)) for each 1 < p < ∞ and for any bounded interval I ⊂ R.
Proof. This follows from the general theory for Bochner spaces, see e.g. [DU] , Theorem IV.2.1.
is b-almost additive with the tiling-admissible boundary term
whereC and R are constants depending on a, b, η, R, and ∂ R (Q) := Q R \ Q R for Q ∈ F(G). Moreover, the same holds true for the function F :
Proof. For the error estimate, assume that Q ∈ F(G) is the disjoint union of the sets Q k ∈ F(G), 1 ≤ k ≤ m. We can repeat the arguments of [PS12] , Theorem 7.4, in order to find positive constantsC, R ∈ R depending on only a, b, η and R such that
To conclude the proof, note that the mapping b has all the properties (i)-(iii) of Definition 5.1. Therefore, it is a boundary term and since
for all Q ∈ F(G), it follows from Proposition 5.5 that b is also tiling-admissible. By integrating over Ω and by the fact that µ(Ω) = 1, we observe that the same claim must hold true for the function F .
Proof of the main theorems
In this subsection, we prove the main theorems of this section. Thus, using the mean ergodic Theorem 5.7, we show that for a strong Følner sequence {U j } ∞ j=1 , the expressions F (·) (U j )(·)/|U j | converge to some F in Z = L 1 (Ω, L p (I)), where as above, 1 < p < ∞. Moreover, we demonstrate that we can use the generalization of the Lindenstrauss ergodic theorem (Theorem 6.8) to establish the µ-almost everywhere convergence for Shulman (tempered) Følner sequences. Theorem 8.6. Assume the model of Subsection 8.1 and let some strong Følner sequence (U j ) be given. Then there is an element F ∈ Z = L 1 (Ω, L p (I)) such that the mean ergodic convergence holds for F (·) , i.e.
dµ(ω) = 0.
Moreover, for each g ∈ G we have F gω = F ω in L p (I) for µ-almost every ω ∈ Ω.
Proof. We check that the mapping
as defined in Equality (8.2) satisfies all the assumptions of Theorem 5.7. By Proposition 8.1, F is bounded. It follows from Proposition 8.3 and from the Inequality (8.3) that there is a family {T g } g∈G of uniformly bounded operators acting weakly measurably on Z with the property that T g F (·) (Q) = F (·) (Qg −1 ) in Z for every Q ∈ F(G) and all g ∈ G. Moreover, we infer from Proposition 8.4 that for each Q ∈ F(G), the weak closure of the set C F,Q = co{F (Qg) | g ∈ G} is weakly compact in Z. Finally, Lemma 8.5 asserts that F is almost-additive with respect to some tiling admissible boundary term. Consequently, we can apply Theorem 5.7 to obtain the claimed convergence.
Theorem 8.7. Assume the model of subsection 8.1 and let some strong, tempered Følner sequence (U j ) be given. Then there is an element F ∈ Z = L 1 (Ω, L p (I)) such that the pointwise ergodic convergence holds for F (·) , i.e.
for µ-almost every ω ∈ Ω. Furthermore, for each g ∈ G we have F gω = F ω in L p (I) for µ-almost every ω ∈ Ω.
Proof. Recall that by the considerations of the previous subsection, the linear mappings T g f (ω) := f (g −1 ω) (g ∈ G) act weakly measurably on L 1 (Ω, L p (I)) as a family of uniformly bounded operators. It follows from Proposition 8.2 that for each g ∈ G and every Q ∈ F(G), we have T g F ω (Q) = F ω (Qg −1 ) for all ω ∈ Ω. Therefore, we can apply the extended Lindenstrauss ergodic Theorem 6.8 which yields that for all Q ∈ F(G), the limit S(Q)(ω) := Y-lim
exists in Y = L p (I) for every ω ∈Ω, whereΩ ⊆ Ω is a set of full measure. Note also that for each Q ∈ F(G) and for all g ∈ G, we have S(Qg)(ω) = S(Q)(ω) for all ω ∈Ω, where again, Ω ⊆Ω is a set of full measure. Further, we can infer from Proposition 8.1 that for each ω ∈ Ω, there is some constant C > 0 such that F ω (Q) L p (I) ≤ C |I| 1/p |Q| for all Q ∈ F(G). The Lemma 8.5 guarantees that for every element ω ∈ Ω, the map F ω is b-almost additive with the tiling-admissible boundary term b(Q) :=C |∂ R (Q)| (Q ∈ F(G)), where the constantsC, R > 0 are chosen accordingly (see above). Hence, we have verified all assumptions which are necessary to apply Corollary 5.8. More precisely, for a given null sequence (ε k ) of positive numbers, can find a setΩ ⊆ Ω of full measure such that for each ω ∈Ω, the limit S(T i )(ω) for all g ∈ G, all k ∈ N and all 1 ≤ i ≤ N (ε k ), where the elements T ε k i and N (ε k ) correspond to the underlying ε k -quasi tiling of the group. By the boundedness and the b-almost additivity of the F ω (ω ∈Ω) we directly apply Corollary 5.8 with Z = Y as the Banach space under consideration and we obtain the convergence in Y for every ω ∈Ω. For the proof of the invariance property, let g ∈ G in order to obtain
for all k ∈ N and for every ω ∈Ω. Letting k → ∞ finishes the proof.
Remark 8.8. It follows from the considerations in [LV09] that in the ergodic case, one can express the limit F as
for E ∈ R and for µ-almost every ω ∈ Ω, where C stands for a constant depending on G, X and µ (cf. [LV09] , Section 2).
and we can extract a finite, open subcover ∪
i V n of Q. Next, we make the translates of this union disjoint such that
where stands for the disjoint union andṼ i n ⊆ V n is (Borel-)measurable (in factṼ i n ∈ F(G)) for all 1 ≤ i ≤ K(n). Hence, putting Q for the set Q. It is obvious that P m+1 (Q) is finer than P m (Q) for every m ≥ 1, and we write P m+1 (Q) ≥ P m (Q). Further, by construction, |A| ≤ 2 −m for A ∈ P m (m ≥ 1). Since G is σ-compact, it can be exhausted by a countable sequence (G n ) of increasing, compact sets. We setG n := G n \ G n−1 with the convention that G 0 := {id} and we repeat the above construction for each Q =G n , n ≥ 1. Then clearly, for each m ≥ 1, the expression
is a partition of the group satisfying the first two claims of the Lemma 7.4.
To show the approximation result for F 0 , let Q ∈ F(G) and define for µ-almost every ω ∈ Ω and we set F 0 (Q)(ω) = 0 for the remaining ω ∈ Ω. We will now
show that in fact F 0 (Q) = F 0 (Q) µ-almost everywhere. This shows that the equivalence class F 0 (Q) is well defined and in particular measurable. Note that it follows from the definition of F 0 that for each m ∈ N, we have A∩Q l ,A∩Q l 1 =∅
Note that since ∩ m∈N V m = {id}, it follows from the continuity of the (Haar) measure, as well as by the fact that all involved sets have compact closure, that
In light of that, we can find a subsequence (m k ) such that the second sum in Inequality (9.6) converges to zero almost everywhere. Hence, we deduce from that same inequality that
for almost every ω ∈ Ω. Hence F 0 (Q) ≤ F 0 (Q) and since Q ∈ F(G) was arbitrarily chosen, this shows in fact that F 0 = F 0 .
